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I n t r o d u c t i o n  

An a r t i f i c i a l  g r a v i t y  experiment i s  one o b j e c t i v e  
be ing  s t u d i e d  f o r  Skylab B. The a r t i f i c i a l  g r a v i t y  environment 
would be provided by r o t a t i n g  t h e  v e h i c l e  abou t  an a x i s  perpen- 
d i c u l a r  t o  t h e  l o n g i t u d i n a l  a x i s  of  t h e  v e h i c l e .  For p a s s i v e  
s t a b i l i t y  t h e  r o t a t i o n  must be about  t h e  a x i s  of maximum moment 
of i n e r t i a .  

I d e a l l y  t h e  system angu la r  momentum, angu la r  v e l o c i t y  
and a x i s  of  maximum moment of i n e r t i a  are c o l i n e a r .  I n  t h i s  
c a s e  t h e  angu la r  v e l o c i t y  i s  c o n s t a n t .  C r e w  d i sp lacements  and/or 
undes i r ed  to rqu ing  can d i s t u r b  t h i s  c o n d i t i o n  and produce a s t a t e  
of v a r i a b l e  angu la r  v e l o c i t y .  I f  t h e  inc remen ta l  angu la r  velo- 
c i t y  in t roduced  by t h e  d i s t u r b a n c e  i s  sma l l  i n  magnitude r e l a t i v e  
t o  t h e  desired s t e a d y  va lue ,  t h e  v e h i c l e  i s  s a i d  t o  wobble. 

Wobble can produce p h y s i o l o g i c a l  e f f e c t s  on t h e  c r e w  
t h a t  may r e q u i r e  c o r r e c t i v e  a c t i o n .  Whether or n o t  wobble con- 
t r o l  i s  r e q u i r e d  depends on t h e  a c c e p t a b l e  wobble l i m i t  and t h e  
a n t i c i p a t e d  d i s t u r b a n c e s .  

This  memorandum describes t h e  wobble s ta te  of t h e  
Skylab c o n f i g u r a t i o n .  The i n t e r r e l a t i o n s  of angu la r  momentum, 
a n g u l a r  v e l o c i t y  and v e h i c l e  c o o r d i n a t e s  are g iven  i n  both 
v e h i c l e  and i n e r t i a l  coo rd ina te s .  A parameter ,  t h e  excess  energy 

, r a t i o ,  i s  sugges ted  f o r  c h a r a c t e r i z i n g  t h e  wobble s ta te .  This  
parameter  i s  s u p e r i o r  t o  t h e  u s u a l  c h a r a c t e r i z a t i o n  based on 
wobble ang le s  s i n c e  it i s  an i n v a r i a n t  of t h e  motion wh i l e  wobble 
a n g l e s  are i n  g e n e r a l  t i m e  dependent. 

The behavior  of t h e  system may be d e s c r i b e d  i n  t e r m s  
of e lementary motions t h a t  a r e  r epea ted  i n  t i m e .  For i n e r t i a l  
c o o r d i n a t e s ,  i n s i g h t  i n t o  t h i s  r e g u l a r i t y  i s  provided by t h e  
Po inso t  c o n s t r u c t i o n .  Changing t h e  excess  energy r a t i o  merely 
scales t h e  d e s c r i b i n g  diagrams so t h a t  on ly  two diagrams, one f o r  
v e h i c l e  space and one f o r  i n e r t i a l  space are r equ i r ed .  

The a n a l y s i s  i s  l a r g e l y  conf ined  t o  t h e  Appendix. 
Nota t ion  i s  g iven  t h e r e .  The t r ea tmen t  i s  conf ined  t o  t h e  r i g i d  
body model i n  a t o rque  f r e e  environment. For  t h e  angu la r  momentum 
levels a n t i c i p a t e d ,  environmental  d i s t u r b a n c e s  have s m a l l  e f f e c t  
i n  a t i m e  of t h e  order of one o r b i t  and t h i s  r e p r e s e n t a t i o n  pro- 
v i d e s  a good f i r s t  l e v e l  d e s c r i p t i o n  of t h e  r o t a t i o n a l  s t a t e .  
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Approximate Method 

A g r e a t  deal of informat ion  on t h e  r o t a t i o n a l  
character is t ics  of t h e  Skylab can be ob ta ined  from an approximate 
s o l u t i o n  of Eu le r  ' s equat ions .  
v e h i c l e  p r i n c i p a l  axes  coord ina te s ,  

These equa t ions ,  which app ly  i n  

+ (Iz - I ) w  w = 0 
I X  @X Y Y Z  

I ; + (Ix - I z ) w z w x  = 0 
Y Y  

I Z A Z  + (Iy - I x ) w  w = 0 
X Y  

a r e  so lved  t a k i n g  

% 
w = w o  = c o n s t a n t ,  

Z (2) 

The 
Y. an assumption which l i n e a r i z e s  t h e  equa t ions  i n  wx and w 

assumption i s  q u i t e  good. I t  w i l l  be shown l a t e r  t h a t  t h e  

v a r i a t i o n  i n  w 

. 0 0 1 ,  of t h e  excess  energy r a t i o  y . *  

t h e  v a r i a t i o n  i n  w z  i s  even less t h a n  t h e  g iven  va lue .  

does  n o t  exceed 1.3% fo r  a r a t h e r  l a r g e  v a l u e ,  
z 

For smaller v a l u e s  of y 

The s o l u t i o n  of Equat ions (1) i s  

w = w cosBt - (a/b)wyOsinBt 
X xo 

w =  Y wYOCoSBt 

*For r e p r e s e n t a t i v e  va lues  of moments of i n e r t i a  f o r  Skylab 
B. See n e x t  s e c t i o n  for  the  v a l u e s  used throughout  t h i s  paper .  
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The s u b s c r i p t  ze ro  on oxo and w r e f e r s  t o  z e r o  t i m e .  
I t  i s  clear from ( 2 )  and ( 3 )  t h a t  w sweeps o u t  a r i g h t  e l l i p t i -  
c a l  cone. 
major t o  minor axes ,  b/a, depends only  on t h e  system moments of 
i n e r t i a .  The wobble frequency, B ,  i s  simply a c o n s t a n t  t i m e s  t h e  
s p i n  frequency . 

- YO 

The t i p  of w moves a long  an e l l i p s e  whose r a t i o  of 

Th i s  a n a l y s i s  can be extended through t h e  use  of 
a p p r o p r i a t e  Eu le r  ang le s  t o  d e s c r i b e  t h e  motion i n  i n e r t i a l  
coo rd ina te s .  The ex tens ion  i s  n o t  c a r r i e d  forward he re .  An 
a l t e r n a t i v e  method based on t h e  Po inso t  c o n s t r u c t i o n  i s  used 
i n s t e a d  s i n c e  it i s  n o t  l i m i t e d  by t h e  above approximation and 
a s i n g l e  i n t e g r a t i o n  i s  r e q u i r e d  i n s t e a d  of  t h r e e .  

The above development i s  inc luded  h e r e  a s  t h e  r e s u l t s  
compliment t h o s e  t o  be p resen ted  n e x t  which w i l l  n o t  g i v e  t h e  
t i m e  dependence. 

Conserva t ion  Laws and Po inso t  Cons t ruc t ion  

The conse rva t ion  laws, energy and angu la r  momentum, 
c o n s t r a i n  t h e  Skylab system i n  r o t a t i o n .  A s  t h e r e  are t w o  con- 
s t r a i n t s  and three degrees  of r o t a t i o n a l  freedom it i s  n o t  
s u r p r i s i n g  t h a t  t h e  system moves, i . e . ,  W i s  a f u n c t i o n  of t i m e .  

A v a r i e t y  of methods may be employed t o  de termine  t h e  
r e s u l t i n g  motion. A convenient  one which provides  i n s i g h t  i n t o  
t h e  r e p e t i t i v e  n a t u r e  of t h e  phenomena i s  based on t h e  Po inso t  
c o n s t r u c t i o n  (1). 

I n  t h i s  method, t h e  i n e r t i a  e l l i p s o i d  i s  made t o  r o l l  
w i t h o u t  s l i p p i n g  on a p l ane  normal t o  E, t h e  so -ca l l ed  i n v a r i a b l e  
p l ane .  F igure  1 shows t h e  arrangement. The r e s u l t i n g  l o c i  of 
t h e  p o i n t s  of c o n t a c t  on t h e  e l l i p s o i d  and i n v a r i a b l e  p l ane  a r e  
c a l l e d  t h e  polhode and t h e  herpolhode, r e s p e c t i v e l y .  

F igu re  2 shows a p l o t  of t h e  p r o j e c t i o n  of u n i t  v e c t o r s  
i n  t h e  d i r e c t i o n  of W and t h e  p l u s  Z a x i s  on t h e  i n v a r i a b l e  p l a n e  
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f o r  y = .0001, kxz = 0 .203 ,  and k 
cove r s  one h a l f  a r e v o l u t i o n  of t h e  i n e r t i a  e l l i p s o i d .  The 
p a t t e r n  r e p e a t s  for  t h e  nex t  h a l f  r e v o l u t i o n  s t a r t i n g  w i t h  new 
i n i t i a l  p o i n t s  e x i s t i n g  a t  t h e  end of t h e  f i r s t  h a l f  r o t a t i o n .  
The motion i n  t h e  i n v a r i a b l e  p l ane  i s  n o t  p e r i o d i c  s i n c e  t h e  
p a t t e r n s  do n o t  close. 

= 0.963.*,** The f i g u r e  
Y Z  

The ang le s  ewh  and e Z h  a r e  less t h a n  l o o  f o r  range  
of  y expected.  I t  i s  p o s s i b l e  t h e r e f o r e  t o  i n t e r p r e t  t h e  r a d i a l  
c o o r d i n a t e s  of t h e  curves  d i r e c t l y  i n  t e r m s  of t h e s e  ang le s .  T o  
f a c i l i t a t e  t h i s  r ead ing ,  t h e  r a d i a l  c o o r d i n a t e  i s  marked i n  
degrees  r a t h e r  than  r ad ians .  

I t  i s  easy  t o  show t h a t  t h e  curves  i n  F igure  2 scale 
as 6 whi le  ma in ta in ing  t h e i r  form. These curves ,  w i th  appro- 
p r i a t e  s c a l i n g ,  t h e r e f o r e  completely d e s c r i b e  t h e  wobble s t a t e  
of Skylab i n  i n e r t i a l  coo rd ina te s  f o r  t h e  g iven  va lues  of 
t h e  parameters  kxz and k 

Y Z '  

Numerical R e s u l t s  

Computed v a l u e s  of  t h e  v a r i a b l e s  are given i n  Table  I 
f o r  y = .001. This  va lue  of y i s  s i x  t i m e s  as l a r g e  as t h e  
maximum va lue  o b t a i n a b l e  due t o  t h e  s imultaneous d isp lacement  of 
t h r e e  c r e w  members. 

Even f o r  t h i s  r e l a t i v e l y  l a r g e  v a l u e  of y ,  t h e  v a r i a t i o n  
i n  w i s  seen  t o  be q u i t e  small  t h u s  v a l i d a t i n g  t h e  assumption 
used  i n  t h e  approximate a n a l y s i s .  

Z 

The ang le s  e Z h  and ewh  can be compared wi th  F igu re  2 .  
They s t a n d  approximately as Jm : 1, t h u s  confirming t h e  
dependence i n d i c a t e d  ear l ier .  

The i n c r e a s e  i n  $ w  and $ Z ' i n d i c a t e d  i n  Table 1, which 
cor responds  t o  a 1 / 4  r e v o l u t i o n  of t h e  i n e r t i a  e l l i p s o i d  i s  o n l y  a 
t r i f l e  l a r g e r ,  approximately 2 O ,  t h a n  f o r  F igu re  2. These q u a n t i -  
t i es  are t h e r e f o r e  r e l a t i v e l y  independent  of y which i s  t h e  b a s i s  
of t h e  a s s e r t i o n  t h a t  F igure  2 p r e s e r v e s  i t s  shape and on ly  scales 
i n  s i z e  as y changes. 

2 *Obtained from es t imated  v a l u e s  Ix = 0 .929  x lo6 s l u g  f t  , 
2 2 I 

d isp lacement  of three, 6 . 6  s l u g  a s t r o n a u t s .  

= 4.405 s l u g  f t  , and Iz = 4.572 x lo6 s l u g  f t  . 
Y 

**y = .00015 i s  l a r g e s t  va lue  o b t a i n a b l e  from simultaneous 
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Wobble Angle 

I t  appears  t o  be common t o  c h a r a c t e r i z e  wobble by 
r e f e r r i n g  t o  a wobble angle .  There are t h r e e  p o s s i b l e  ang le s ,  
'wh' ' W Z '  
i d e n t i f i e d  i n  such r e f e r e n c e s .  I n  any case, t h e s e  a n g l e s  are of 
l i m i t e d  u t i l i t y  i n  d e s c r i b i n g  wobble s i n c e  they  va ry  i n  t i m e .  
I n  t h e  case desc r ibed  by Table I ,  e z h  and ewh va ry  by n e a r l y  
1 0  : 1 and e w z  v a r i e s  by more than  2 : 1. 

and e z h  and it is rare f o r  t h e  p r e c i s e  ang le  t o  be 

I t  i s  f o r  t h i s  reason t h a t  y ,  t h e  excess  energy r a t i o ,  
i s  recommended f o r  use  i n  d e s c r i b i n g  wobble. T h i s  q u a n t i t y  meets 
a d e s i r a b l e  p r e r e q u i s i t e  f o r  u s e  a s  a parameter ,  i . e . ,  it i s  
i n v a r i a n t  w i th  t i m e .  

Checks 

The computer program used f o r  F igure  2 w a s  checked i n  
v a r i o u s  ways. A l l  p u r e l y  a l g e b r a i c  manipula t ions  w e r e  checked by 
s l i d e  r u l e  methods. The l eng th  of t h e  polhode can be approximated 
by a complete e l l i p t i c  i n t e g r a l  of t h e  second kind. 

F i n a l l y  t h e  curves  of F igu re  2 were compared wi th  t h e  
r e s u l t s  of I,. E .  Voelker ' s  program which i n t e g r a t e s  t h e  equa t ions  
of motion us ing  Eu le r  angles .  

A l l  t h e s e  checks on t h e  program s u s t a i n e d  t h e  v a l i d i t y  
of t h e  computer r e s u l t s .  
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TABLE I 

U 0 .2 .4 .6 .8 1.0 

.079 

0 

.999 

1.003 

.079 

0 

.999 

1.002 

.077 

.034 

.999 

1.003 

.077 

.034 

.999 

1.002 

(deg) .915 2.06 e zh 

ewh(deg) 3.59 3.51 

.072 

.067 

,998 

1.003 

.072 

.067 

.997 

1.002 

3.82 

3.28 

5.64 

63.6 

318 

.063 

.lo1 

.995 

1.002 

.063 

,101 

.995 

1.002 

5.64 

2.87 

6.82 

100 

358 

.047 

.135 

.991 

1.002 

.047 

.135 

.991 

1.001 

7.48 

2.17 

8.19 

146 

404 

Conditions 

0 

.168 

.987 

1.001 

0 

.168 

.986 

1.001 

9.34 

.35 

9.69 

32 5 

505 
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APPENDIX 

Not a t  i o n  

- 
H 

T 

TO 

- 
w 

w 
0 

- 
n 

I 

- 
P 

- 
5 

'wh 

'UZ 

'zh 

Y 

kxz 

k 
Y Z  

k* 

Angular momentum 

R o t a t i o n a l  k i n e t i c  energy 

Minimum T for given E 

Angular v e l o c i t y  

TO 
IWI f o r  T = 

Moment of i n e r t i a  i n  d i r e c t i o n  

P r i n c i p a l  axes  c o o r d i n a t e  system 

= P r i n c i p a l  axes  moments of i n e r t i a  

ii/K Locus of t i p  of i s  i n e r t i a  e l l i p s o i d  

Angle between and E 

Angle between w and p l u s  z a x i s  

Angle between p l u s  z a x i s  and E 

T-To 
Excess energy r a t i o  

TO 

Ix / Iz  

Iy / I z  
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Absence of a b a r  i n d i c a t e s  t h e  magnitude of a vector and sub- 
s c r i p t s  x ,  y ,  or z r e f e r  t o  components a long  p r i n c i p a l  axes .  

Conservat ion Laws and Poinsot  Cons t ruc t ion  

The conse rva t ion  of energy and angu la r  momentum y i e l d  

I w + I w + I z w z 2  = 2T 
x x  Y Y  

( a )  

w ) 2 + ( I w ) 2 + ( I w ) 2 = H  
( I X  x Y Y  z z  ( b )  

Dividing ( A - l a )  by 2To = I z w o 2  and (A-lb) by H = I z w o  g i v e s  

2 . =  y + 1 yzqy + nz 
2 k n 2 + k  xz  x 

kXZ2qX2 + k 2n + q z 2  = 1 
Y =  Y 

For a g iven  system, t h e  parameter  y i s  seen  t o  completely 
c h a r a c t e r i z e  t h e  wobble s t a t e .  
on y i s  

I t  i s  easy  t o  show t h a t  t h e  range  

(A -3 )  
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The cond i t ion  y = 0 i s  t h e  wobble f r e e  s t a t e  w i th  

w = o  
Y 

w =  
X 

w = w  
Z 0 

The q u a n t i t y  r l z  may be e l i m i n a t e d  from Equat ions A-2 

t o  y i e l d  

2 1 1  2 
- + Y = 1  q X  

a2  b2 

The p r o j e c t i o n  of t h e  locus  of t h e  t i p  of w on t h e  xy p l ane  i s  
an e l l i p s e .  
s i n c e  w does vary  somewhat. 

The locus  i s  n o t  a p l ane  f i g u r e  i n  t h i s  i n s t a n c e  
2 

The t h r e e  wobble angles  are r e a d i l y  determined and are 
g iven  by t h e  fo l lowing  formulas: 

t h e  l as t  r e l a t i o n s h i p  coming from 

A complete d e s c r i p t i o n  of t h e  behavior  of t h e  system 
i n  i n e r t i a l  c o o r d i n a t e s  r e q u i r e s  an i n t e g r a t i o n .  The method 
used h e r e  is based on t h e  Poinsot  c o n s t r u c t i o n .  
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The i n e r t i a  e l l i p s o i d  of  F igu re  1 i s  t h e  locus  of  a 
v e c t o r  given by 

- 
( A - 5 )  p = K / J I  

where  I i s  t h e  moment of i n e r t i a  i n  a d i r e c t i o n  n. 
Since  

p = 1/K 

it fo l lows  t h a t  

(A- 6 ) 

and t h e r e f o r e  

( A - 7 )  

and 

(A-8) 

( w / p l 2  = 2T 

= 2To 

The foregoing  r e l a t i o n s h i p s  are s u f f i c i e n t  t o  formula te  
a d i f f e r e n t i a l  equat ion  d e s c r i b i n g  t h e  r o l l i n g  of t h e  i n e r t i a  
e l l i p s o i d  on t h e  i n v a r i a b l e  p lane .  

L e t  

d s  - element of  l e n g t h  on polhode 

dsh  - element of l e n g t h  on herpolhode 
P 

- r a d i u s  v e c t o r  i n  i n v a r i a b l e  p l ane  from E 
t o  t i p  of p. 

‘hw 

- ang le  between r and a r e f e r e n c e  l i n e  
o w  hw 

i n  i n v a r i a b l e  p l ane .  
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Then 

A- 5 

(A-9) 

r 
- =  [e) s i n e  wh = r s i n e w h  hw 
PO 

ds 
2 = 7 / d i x 2  + dcy2 + d g ,  2 

PO 

The l a s t  exp res s ion  can be so lved  f o r  The 

a s s o c i a t e d  i n t e g r a t i o n  was performed numer ica l ly  on a d i g i t a l  
computer for  t h e  curves  given i n  F igu re  2 .  

The l o c a t i o n  of  t h e  p r o j e c t i o n  of E, u n i t  vector a long  
It i s  easy  t o  show t h a t  Z ,  can be determined once 9, i s  known. 

case cosewh -  COS^ zh WZ COS$, = s i n e z h  s i n e  
wh 

where @z i s  measured a t  o r i g i n  between l i n e  of ang le  $ 

and p r o j e c t i o n  of E. 
+ TI 

w 

- Although t h e  curves  of F igu re  2 w e r e  computed u s i n g  
p / p o  t h e  r e s u l t s  apply t o  c/wo s i n c e  these vectors are p a r a l l e l .  
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